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This chapter is devoted to the analysis of jamming and percolation
behavior of two-dimensional systems of elongated particles. We consider
the problems both in continuous space and in discrete one (with the
special attention to the square lattice), as well the systems with isotrop-
ically deposited and aligned particles. Overviews of different analytical
and computational methods and main results are presented.
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1. Introduction
During the past decades, the problems of particle packing have attracted
growing both academic and practical interest. Systems composed of shape-
anisotropic (elongated) particles are of special importance. The shape of
the particles dictates the complex collective behavior, self-assembly and
spontaneous orientational ordering.1 The phenomena including jamming,2
segregation,3,4 and pattern formation5 can be marked out in such systems.
In systems of interaction particles a jamming transition refers the tran-
sition from some type of flowing (liquid-like) state to a stuck or rigid (solid-
like) state. In contrast with typical crystallized solids, jammed systems are
generally athermal, i.e., there is no guarantee that this configuration corre-
sponds to the equilibrium state with lowest energy of the system, although
a system may enter a jammed state at a given density.6 Percolation is a
kind of phase transition signaled by the emergence of a giant connected
cluster of particles within a system under consideration.7
Our goal is consideration of different packing effects, jamming and per-
colation phenomena in the two-dimensional systems of elongated particles
with different anisotropic shapes. Both continuous and discrete space prob-
lems (with special attention to the square lattices), and unoriented (isotrop-
ically oriented) and oriented along some preferable direction (anisotropi-
cally oriented) systems are analyzed.
2. Some basic concepts and definitions
A widely used method of modeling the monolayer adsorption of particles at
a liquid—solid interface is random sequential adsorption (RSA).8 During
RSA, particles are deposited randomly and sequentially onto a substrate,
and their overlapping with previously placed particles is strictly forbidden,
i.e., excluded volume interaction is assumed. Excluded volume interaction
(hard core interaction, hard core exclusion, hard core repulsion) between
the particles means that energy of interparticle interaction, Ui,j , is defined
as
Ui,j =
{
0, if ri,j > 0,
∞, if ri,j 6 0,
(1)
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where ri,j is the shortest distance between i-th and j-th particles. Such the
systems are treated as athermal.
Adhesion between deposited particles and the substrate is assumed to be
very strong, so once deposited, a particle could not slip over the substrate
or leave it (detachment is impossible). Adsorption of particles leads the
deposit into a jammed state where no additional particle can be added
due to the absence of appropriate holes.9 The corresponding concentration
of particles is denoted as the jamming coverage. Noticeable, that RSA
produces a non-equilibrium state. Diffusion of particles leads this state to
the equilibrium (see, e.g., Refs. 10–15).
Another kind of particle deposition is also possible. Particles are de-
posited randomly and sequentially, and their overlapping with previously
placed particles is allowed.
Both continuous16–18 and discrete space19,20 are used to simulate depo-
sition of particles. When a discrete space, e.g., a square lattice, is used,
the fraction of occupied lattice sites, p, is a common quantity describing
the system. When a deposition in a continuous space is considered, some
other quantities are commonly used to characterize a deposit. The number
density, i.e., the number of particles, N , per unit area, A, is
n =
N
A
. (2)
Another useful quantity is the filling fraction,
η = nA0, (3)
where A0 is the area of one particle. The total fraction of the plane covered
by randomly deposited overlapping particles (coverage) is
φ = 1− e−η (4)
(see, e.g., Ref. 21).
2.1. Common shapes of elongated particles in continuous-
space simulations
The shape of the particles can dictate their complex packing, percolation
and phase behavior. Numerous experimental and simulation studies have
been focused on studies of spherical and shape-anisotropic particles with
both the convex and non-convex geometries.22 For the convex geometry,
the line segment connecting the two points inside the particle lies entirely
inside this particle and for the non-convex geometry the situation is inverse.
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The simplest convex shapes of 2d particle can be represented by square
and by disk. To mimic the shape of elongated particles and, at the same
time, simplify the simulations, different simple geometrical figures are used,
e.g., sticks, rectangles, ellipses (Fig. 1(a)), superellipses (Fig. 1(b)), and
stadia (Fig. 1(c)). In a Cartesian coordinate system, the equation of a
superellipse (Lame´ curve) is
|x|2m
a2m
+
|y|2m
b2m
= 1, (5)
where a and b are the semimajor lengths in the direction of the x and
y axes and m is the shape parameter. m = 1 corresponds to an ellipse
while m = +∞ corresponds to a rectangle. A stadium is a rectangle with
semicircles at a pair of opposite sides (Fig. 1(c)). A stadium (or “discorect-
angle”) is a two-dimensional analog of a spherocylinder (a “stadium of rev-
olution” or “capsule”), i.e., a three-dimensional geometric shape consisting
of a cylinder with hemispherical ends (Fig. 1(c)).
(a) Ellipse. (b) Superellipse, m = 3/2. (c) Stadium.
Fig. 1. Examples of some common shapes used in simulations to mimic elongated par-
ticles. In all three cases, the aspect ratio, i.e., the ratio of the longer dimension to the
shorter one, is ε = 2.
The linear polymers (dimer, trimer, etc.) are built of two, three, and
more overlapping disks of the same radius23,24 (Fig. 2).
(a) Dimer, ε = 1 + x. (b) Trimer, ε = 1 + 2x.
Fig. 2. Examples of polymers. Disks have a unit radius, and parameter x ∈ [0, 1]
corresponds to half the distance between closest disks.23
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2.2. Anisotropy
Both isotropic and anisotropic deposition of particles has been studied. To
characterize the anisotropy, different quantities are used. In the case of
continuous space, the mean order parameter is calculated as
s =
1
N
N∑
i=1
cos 2θi = 2〈cos2 θ〉 − 1, (6)
where θi is the angle between the axis of the i-th rod and the horizontal axis
x, and N is the total number of rods in the system (see, e.g., Ref. 25). In a
particular case of discrete space, viz., a square lattice, only two orientations
of particles are allowed (θ = 0 and pi/2). Hence, the order parameter is
s =
Ny −Nx
Ny +Nx
, (7)
where Nx (Ny) is the number of sites belonging to the horizontal (vertical)
oriented particles.
The macroscopic anisotropy of the system may be characterized by the
value
A = P‖
P⊥
=
〈| cos θ|〉
〈| sin θ|〉 . (8)
For the isotropic case, A = 1, whereas for the highly anisotropic case,
A → ∞.26,27 When the particles may be of different length, this quantity
transforms into28,29
A = 〈l| cos θ|〉〈l| sin θ|〉 . (9)
Several ways have been used to prepare anisotropic samples. We start
with the case of continuous space. The simplest way is to restrict the
allowed orientation of particles28 as
− θm 6 θ 6 θm. (10)
This distribution is uniform with the probability density function (PDF)
f(θ) =
1
2θm
. (11)
In this case, Eq. (8) transforms into
A = sin θm
1− cos θm (12)
while the order parameter is
s =
sin 2θm
2θm
. (13)
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Another kind of the PDF has been used in Ref. 30,31
fθ(θ|β) =
Γ
(
β
2 + 1
)
√
piΓ
(
β+1
2
) cosβ θ, θ ∈ [−pi
2
,
pi
2
)
. (14)
In this case, the order parameter is
s =
β
β + 2
. (15)
The parameter β controls the degree of anisotropy of the system. β = 0
corresponds to a uniform distribution Eq. (11) with θm = pi and hence to
an isotropic system (s = 0). The larger the value of β the stronger the
anisotropy. β = ∞ corresponds to a full alignment of the sticks along the
x-axis (s = 1). In Ref. 32, von Mises distribution has been used
fθ(θ|κ) = exp (κ cos 2θ)
piI0(κ)
, θ ∈
[
−pi
2
,
pi
2
)
, (16)
where In is the modified Bessel functions of n-th order. In this case, the
order parameter is
s(κ) =
I1(κ)
I0(κ)
=
I ′0(κ)
I0(κ)
. (17)
In Refs. 33–36, normal (Gauss) distribution has been used
fθ(θ|σ) = 1√
2piσ2
exp
(
− θ
2
2σ2
)
, θ ∈ (−∞,+∞). (18)
In this case, the order parameter is
s = exp(−2σ2). (19)
In fact, all above distributions can be treated as approximations of the
wrapped normal distribution (WND)
fθ(θ|σ) = 1√
2piσ2
∞∑
k=−∞
exp
[−(θ + 2pik)2
2σ2
]
, θ ∈ [−pi, pi). (20)
Figure 3 demonstrate PDFs for one particular value of the order parameter.
In the case of discrete space (a square lattice), basically, an anisotropic
deposition means deposition of particles that are strictly aligned along one
direction, i.e., s = 1.37–39 Deposit of arbitrary anisotropy can be produced
using different methods.40
When overlapping of particles is allowed, i.e. particles are treated as
permeable, overlapped particles form a cluster (Fig. 4(a)). When particles
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F
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s = 0.5
 cosine
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 interval
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 WND
Fig. 3. Different PDFs for s = 0.5. Cosine Eq. (14), von Mises Eq. (16), interval
Eq. (11), Gauss Eq. (18), WND Eq. (20).
are impermeable, none cluster occurs (Fig. 4(b)). Another possibility is
so-called connectedness percolation of non-overlapping particles.41,42 Two
non-overlapping particles are assumed to be connected when the shortest
distance between them does not a exceed a certain value, i.e., so-called
cutoff distance.43 This case can be also treated as a hard–core–soft–shell
model (Fig. 4(c)). In discrete space, when deposit was produced using
RSA mechanism, adjoining particles are assumed to belong to a cluster.
Deposited particles may form a spanning cluster, i.e., a set of neighboring
particles which span between the opposite borders of the substrate. The
occurrence of spanning clusters is associated with the concentration phase
transition, where the corresponding concentration of particles is denoted as
the percolation threshold. Since the middle of the last century, percolation
theory has been applied to simulate disordered media and understand their
physical properties.44,45 Some physical properties of the disordered media
are fundamentally different below and above the percolation threshold. Per-
colation theory is simple, yet productive, description of phase transitions.
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(a) Permeable particles (b) Impermeable particles (c) Hard–core–soft–shell
particles
Fig. 4. Permeable and hard–core–soft–shell particles can form a cluster while imper-
meable particles cannot.
2.3. Excluded area
When overlapping of objects is not allowed, the excluded area (in 2D) or
excluded volume (in 3D) of an object is defined as the area (volume) around
this object in which the center of another similar object cannot be located46
(Fig. 5). Generally speaking, the excluded volume depends on the relative
orientation of the particles except the trivial case of disks (spheres). The
concept was used by L. Onsager in his analysis of effects of the shapes of
colloidal particles on phase state of suspensions.46 It is useful to study
packing and phase diagrams problems of two-dimensional particles. The
excluded area is denoted as Aex. Although the mathematical background
of the excluded area computation is simple and clear,47 even for the simplest
objects, e.g., ellipses, finding the excluded area can be a daunting task.48,49
l
l
l
l
l
w
w
ww
w
(a) Rectangle.
q
l
l
l
l
w
w
wl
(b) Stadium.
a
b
(c) Ellipse.
Fig. 5. Examples of excluded areas.48,50
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The normalized excluded area, Aex/`
2, where ` is the largest dimension
of the particle, depends only on the aspect ratio, ε, and inter-particle angle,
θ. They were evaluated analytically for different variety of shapes and they
are
Aex/`
2 = |sin θ| (1 + ε−2) + 2ε−1(1 + |cos θ|) (21)
for the rectangles,50
Aex/`
2 = 4ε−1
(
1− ε−1)+ piε−2 + (1− ε−1)2 |sin θ| . (22)
for the stadia,50 and
Aex/`
2 =
[
piε−1 + (∆+(θ) + ∆−(θ))E(θ)
]
/2, (23)
for the ellipses.49 Here,
E(θ) =
pi/2∫
0
√
1− κ(θ)sin2tdt
is the complete elliptic integral of the second kind,
κ(θ) = 4
∆+∆−
(∆+ + ∆−)2
,
and
∆± =
√
(1± ε−2)2 − (1− ε−2)2 cos2 θ.
Example of Aex(θ)/`
2 dependencies for the rectangles and stadia are
presented in Fig. 6. Both these functions exhibit the minimums at θ = 0 and
pi. However, for rectangles, the function Aex(θ)/`
2 has secondary minimum
at θ = pi/2 at sufficiently small aspect ratio (ε < 10). The appearance of
the tetratic phases for the rectangle systems is related with this minimum.
The formulas for oriented rectangles and stadia were also evaluated. For
uniform distribution of particles with PDF Eq. (11), the following equations
were obtained50
〈Aex〉θm
`2
= 2ε−1
(
1 +
1− cos 2θm
2θ2m
)
+ (1 + ε−2)
4θm − 2 sin 2θm
4θ2m
(24)
for rectangles,
〈Aex〉θm
`2
= 4ε−1
(
1− ε−1)+ piε−2 + (1− ε−1)2 4θm − 2 sin(2θm)
4θm
2 (25)
for stadia.
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0 45 90 135 180
0
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2
3
4
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  = 1    = 10
  = 2    = 
  = 5
A e
x/l
2
(a) Rectangle.
0 45 90 135 180
0
1
2
3
A e
x/l
2
  = 1    = 10
  = 2    = 
  = 5
(b) Stadium.
Fig. 6. Angular dependencies of the normalized excluded areas, Aex(θ)/`2, for different
values of the aspect ratio, ε.
Particularly, for fully oriented particles, θm = 0, these formulas give
〈Aex〉/`2 = 2ε−1 for rectangles, and 〈Aex〉/`2 = 4
(
1− ε−1) ε−1 + piε−2 for
stadia.
In isotropic case (θm = pi/2), the orientational averages of 〈Aex〉/`2 over
all allowed relative orientations are
〈Aex〉/`2 = 2ε−1(1 + 4pi−2) +
(
1 + ε−2
)
2pi−1 (26)
for rectangles,50
〈Aex〉/`2 = 4ε−1
(
1− ε−1)+ piε−2 + 2(1− ε−1)2pi−1 (27)
for stadia,50 and
〈Aex〉/`2 = pi [1 + ζ] /(2ε), (28)
for ellipses.51,52 Here,
ζ =
C2
4piA
, (29)
is the shape factor,24 where C and A = piab = pi`2/(4ε) are the el-
lipse perimeter and area, respectively. The ellipse perimeter can be eval-
uated using the following formula (Chandrupatla & Osler, 2010): P =
(2`/ε)
pi/2∫
0
√
1− (1− ε2)sin2tdt.
Note that for the circle (disk), the shape factor is ζ = 1 and Aex(θ)/`
2 =
pi.
Figure 7 presents the averaged normalized excluded area 〈Aex(θ)/`2〉
versus the aspect ratio, ε, for the rectangles, stadia, and ellipses. At ε = 1
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the rectangle turns to the square (〈Aex(θ)/`2〉 = 2
(
1 + 4pi−2 + 2pi−1
) ≈
4.08), where as the discorectangle and ellipse transform to the circle
(〈Aex(θ)/`2〉 = pi). In another limiting case of ε→∞, all shapes transform
to the needles with 〈Aex(θ)/`2〉 = pi.
100 101 102 103
2
4
2/
2
4
A e
x
/l2
 rectangle
 stadium
 ellipse
Fig. 7. Averaged normalized excluded area 〈Aex(θ)/`2〉 versus the aspect ratio, ε, for
isotropically deposited rectangles Eq. (26), stadia Eq. (27), and ellipses Eq. (28).
3. Packings
The problems of hard-particle packings have been actively treated in con-
siderations of structure of crystals liquids, glasses, colloids, amorphous and
granular materials.53,54 The most comprehensive information was obtained
for packing problem of two-dimensional hard circular disks, and similar
packings of hard spheres in d-dimensional Euclidean space (d > 3).55
Among the main two-dimensional packing models the saturated packing
without direct contacts between particles and mechanically stable jammed
packings with direct contacts between particles can be distinguished (see,
e.g., Refs. 55–57).
3.1. Saturated packings
In saturated packing, the particles cover the 2d surface without any over-
lapping. The most popular, and is also the simplest is the model of RSA
model which accounts for excluded volume effects.9 In this model the parti-
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cles randomly (in the case of anisotropic shape the random particle position
and orientation are selected) and irreversibly adsorb on a surface without
overlapping with previously deposited particles. After being placed the
particles are not able to move or reorient. With the coverage of the surface
the adsorption probability decreases and above some limiting coverage φj,
known as the jamming or saturation limit, there is no free room for the
deposition of a new incomer.
Historically, the RSA was proposed for the first time by Flory in the
1939 in his studies of the attachment of blocking pendant groups on a linear
polymer.58 Later, in the 1958 the analytical solution for RSA of unitary
segments on a line (for so-called car parking problem) was obtained.59 For
1d RSA, the saturation density is φj = 0.7475979202 . . . .
Nowadays, the different RSA models are actively used for modelling of
adsorption of colloids and proteins, Polyelectrolyte adsorption, and forma-
tion of nanoparticle monolayers.8,9,60–63
3.1.1. Continuous models
In continuous models, the positions and orientations of elongated particles
can take real values. For d > 2, the RSA has been estimated through
numerical simulations. The pioneering simulations of RSA of disks on flat
surface gave for the jamming coverage φj = 0.547 ± 0.002.16 The experi-
mental estimations gave the values φj = 0.625±0.100 (adsorption of ferritin
proteins on polycarbonate and carbon surfaces),64 and 0.55 ± 0.01 (latex
spheres on a surface). The values of φj for the RSA packing of hard hyper-
spheres in d-dimensional Euclidean space (d = 2− 8) were also numerically
estimated.65
The kinetic of jamming was approximated using the power equation,
known as the Feders law66–68
φ(t) = φj − ct−1/d,
where t is a dimensionless time, c is a positive constant. Parameter d is
interpreted as a number of degrees of freedom of deposited particle.
For spherically symmetric particles the value of d is equal to the collector
dimension, e.g., d = 2 for the flat surface collector. This relation was
proven to be correct for one- to eight-dimensional collectors.65 Typically for
particles with anisotropic shape in two dimensions, d ≈ 3.69,70 This power
law was confirmed numerically for particles with different shapes70–72 and
in some cases it can be violated.73,74
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For RSA model the value of φj is well defined, and it allows precise
investigations of the influence of packing shape on the jamming coverage.53
The problems have also been investigated in details for oriented75 and un-
oriented squares,70 rectangles, polygons,65,76 stadia, and ellipses,17,77,78 su-
perdisks,79 sphere dimers,23,80 and sphere polymers.71
Figure 8 compares the jamming coverage φj versus the aspect ratio ε
for unoriented rectangles, stadia, and ellipses.81 For all investigated shapes
the obtained the jamming coverages gone through the maximums and the
highest values of the mean packing fractions were observed at some aspect
ratios ε ≈ 1.7 for rectangles, and ε ≈ 1.85 for stadia and ellipses. It is
expected that for very elongated shapes (for infinite aspect ratio) the φj
goes to zero according to a power law
φj(ε) = φj(∞) + aε−1/(1+
√
2). (30)
where φj(∞) = 0.81
0 5 10 15
0.45
0.50
0.55
 
 
j
 stadia
 ellipses
 rectangles
Fig. 8. Jamming coverage φj versus the aspect ratio ε for unoriented rectangles, stadia,
and ellipses81). (Drawn from the data presented in the cited works).
Later, the more effective algorithms allowed reducing the statistical
errors were developed for estimation of the saturated packings of convex
anisotropic objects under RSA protocols.23,24,82
Figure 9 collects the φj(ε) dependencies obtained stadia, ellipses
82 and
disco n-mers (n = 2 − 10).23,24 Among these shapes the highest jamming
coverage φj = 0.583999 ± 0.000017 was observed for ellipses with aspect
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ratio of ε = 1.84. For stadia, maximal packing fraction was φj = 0.582896±
0.000019 at approximately the same aspect ratio.82
1.6 1.8 2.0 2.2 2.4
0.576
0.578
0.580
0.582
0.584
 
 
 ellipses
 stadia
 dimers
 3-mers
 5-mers
j
Fig. 9. Jamming coverage φj versus the aspect ratio ε for different unoriented shapes:
ellipses and stadia,82 disco n-mers24 (open symbols). For comparison the data points
(filled symbols) for ellipses and stadia from81 are also presented. (Drawn from the data
presented in the cited works).
It is interesting that at the point of maximum coverage (point of maxi-
mum jamming) the values of φj correlates with the corresponding values of
ε for different shapes. Figure 10 presents φj versus ε dependence collected
from the data for disco n-mers (n = 2− 10), stadia and ellipses.
For shape-anisotropic particle practically all studies treated random ori-
entation RSA problems. The particular interest represents investigation of
the RSA packing with preferred orientation.
The different classes of continuous and lattice models have been devel-
oped for description of saturated packing. The continuous models with
complete orientational and positional freedom are more realistic for mod-
eling of practical packing and phase states. The discrete space (lattice)
models are simpler in computations and they can be used for incorpora-
tion the flexibility, polydispersity, interactions, heterogeneity and presence
of defects.83 The strict statistical analysis shown that the discrete space
(lattice) model overestimates the entropy of short rods and of disordered
phases.83
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j
Fig. 10. Jamming coverage, φj, versus the aspect ratio, ε, at the point of maximum
jamming for different shapes.24 (Drawn from the data presented in the cited work).
3.1.2. Lattice models
In lattice models, the positions and orientations of the elongated particles
can be fixed accounting for the lattice structure of a discrete 2D substrate.
Many efforts have been concentrated on the study of deposition of linear k-
mers on a discrete 2D substrates. The linear k-mers represents the particle
occupying k adjacent adsorption sites along a line on a lattice. For linear
k-mers aspect ratio is ε = k and for jamming concentration φj we use the
notation pj.
In one dimensional (1D) RSA of k-mers for jamming concentration pj
the following exact result has been reported84
pj = k
∞∫
0
exp
(
−u− 2
k−1∑
i=1
1− exp(−iu)
i
)
du. (31)
In particular, the jamming concentration for dimers (k = 2) placed along
one line is pj = 1− e−2 ≈ 0.86466 and for trimers (k = 3) is pj = 3D(2)−
3e−3D(1) ≈ 0.82365, where D(x) = e−x2 ∫ x
0
et
2
dt is Dawson’s integral.
The continuous limit corresponds to the infinite aspect ratio (ε = k →∞),
and in this case the jamming threshold tends to Re´nyi’s Parking Constant
pj → cR ≈ 0.7475979202 . . . .59
In two dimensions the analyzed RSA problems include deposition of k-
mers on different discrete lattices: square,13,14,85–96 triangular10,97–104 and
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fractal20,105–107 lattices.
In square lattice, the number of possible orientations of k-mers is re-
stricted to 2, and in triangular lattice it is restricted to 3 (Fig. 11).
a)
(a) Square lattice.
b)
(b) Triangular lattice.
Fig. 11. Examples of linear pentamers adsorbed on square and triangular lattices.
For randomly oriented k-mers on a 2D square lattice deposited k-mers
tend to align parallel to each other and form large domains (stacks) with
voids ranging from a single site up to the length of k-mer.85,92,96 Figure 12
presents examples of jamming configurations for randomly oriented k-mers
with different length on a square lattice of size L = 4096. The domain
structures in form of blocks of parallel oriented k-mers was observed. These
blocks can be represented as the squares of size k × k.96 Therefore, a
jamming configuration can be presented as a combination of:
• blocks of vertically oriented k-mers (v-blocks);
• blocks of horizontally oriented k-mers (h-blocks);
• empty sites (voids).
The relative area occupied by v- and h-blocks was approximately the same.
The similar stacking and void formation was also observed for continu-
ous RSA model of deposition of infinitely-thin line segments.69,108 However,
for continuous and lattice models the principally different behavior of the
jamming coverage pj versus the aspect ratio ε (k = ε for k-mers) was ob-
served. For example, in the off-lattice case, in the limit of infinite aspect
ratio, the asymptotic jamming concentration φj(∞) is 0 (see Eq. (30)).69
For lattice model, the asymptotic jamming concentration pj(∞) remains
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k=64 k=128 k=256
Fig. 12. Examples of jamming configurations of randomly oriented k-mers (k = 64, 128,
and 256) on a square lattice of size L = 4096. Horizontal k-mers are shown in red, vertical
k-mers are shown in blue,empty sites are shown in white.
finite.85–87,94,96 The presence of finite coverage by the infinite k-mers has
been interpreted as a consequence of the alignment constraint.86,87,96
Note that limiting jamming coverage, pj(∞), can depend upon the sym-
metry of the lattice and details of RSA deposition mechanism.85–87,94,96 For
square and triangular lattice the dependencies pj(ε) were rather similar,
109
but the jamming coverages had greater values on the square lattice. This
difference was explained the orientational freedom of depositing particles.
On a triangular lattice there is a greater number of possible orientations
(3) and an enhanced probability for blocking of lattice sites. For RSA on a
triangular lattice the domains of parallel k-mers and of clusters of blocked
sites were also observed in the late stages of deposition.109
The mechanism of deposition is also important. In simple RSA model
the vacant site is randomly selected and any unsuccessful attempt of depo-
sition of k-mer is rejected. For this RSA model the different estimations
for randomly oriented k-mers on square lattice gave pj(∞) ≈ 0.66,86,94
≈ 0.655(9).96 However, for modified “end-on” RSA model of randomly
oriented k-mers on square lattice (for this model, once a vacant site has
been found, the deposition is randomly attempted in all the directions un-
til the segment is adsorbed or rejected) the noticeably smaller value of
pj(∞) = 0.583± 0.010 was obtained.85
For RSA model of randomly oriented k-mers on square lattice, the pj(k)
were fitted using the series expansion
pj(k) = pj(∞) + a/k + b/k2, (32)
with parameters of pj(∞) = 0.660 ± 0.002, a ≈ 0.83 and b ≈ −0.70 (2 6
k 6 512),86,87 and the power law
pj(k) = pj(∞) + a/kα. (33)
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with parameters of pj(∞) = 0.66 ± 0.01, a ≈ 0.44 and α ≈ 0.7794 (1 6
k 6 2000), and pj(∞) = 0.655(9), a ≈ 0.416(0) and α ≈ 0.720(7) (1 6 k 6
256).96
For non-randomly oriented linear k-mers the different lattice directions
are selected with different probabilities. For examples, on a square lat-
tice the vertical and horizontal orientations are selected according to the
predefined order parameter s Eq. (7). The complete ordering (s = 1),
corresponds to the 1d problem with jamming coverage defined by Eq. (31).
The non-randomly oriented linear k-mers on a square lattice the con-
ventional RSA model and relaxation RSA (RRSA) model have been com-
pared.96 In conventional RSA model, the lattice site was randomly selected
and an attempt of deposition of a k-mer with orientation defined by order
parameter s was done. Any unsuccessful attempt was rejected and k-mer
with a new orientation was selected. In the RRSA model, the unsuccessful
attempt was not rejected and a new lattice site was randomly selected until
deposition of the given k-mer. In both models, the deposition terminates
when a jamming state is reached along one of direction. The RSA and
RRSA models can reflect different binding ability of k-mers near the flat
substrate. In RSA model, the binding is weak and the k-mer may return to
the bulk after an unsuccessful attempt to precipitate. In RRSA model, the
selected k-mer is localized near the adsorbing plane is strong, and it has an
additional possibility of joining the surface after an unsuccessful attempt.
The different mechanisms in RSA and RRSA model deposition strongly
affected the deposition behavior.96 First of all, in the RSA model the or-
der parameter s is not conserved. In this model, the substrate “selects”
the k-mer with appropriate orientation, and it results in deviation of pre-
determined order parameter s from the actually obtained one, s0. In two
particular cases of s = 0 and s = 1 the RSA and RRSA models gave prac-
tically equivalent results, but in other cases for RSA model the value of
s0 noticeably exceeded the value of s. On the contrary, the RRSA model
better preserves the predetermined anisotropy, and s0 ≈ s.
Figure 13 compares typical jamming patterns for RSA and RRSA mod-
els obtained at different values of order parameter, s, for k = 256. The
domain structures in form of blocks of vertically oriented k-mers (v-blocks),
blocks of horizontally oriented k-mers (h-blocks), and empty sites (voids)
were observed. The relative area occupied by v- and h-blocks was approx-
imately the same at s = 0, but increase in s resulted in decrease of the
relative area occupied by h-blocks. The vertically oriented v-blocks be-
came dominating in jamming patterns at s > 0. Moreover, at the same
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values of s the relative area occupied by v-blocks was visually larger for
RSA model than for RSA model. For example, for well oriented systems
(at s ≈ 0.5 − 0.7), the jamming structures in RSA model present large
1d-like v-domains with small inclusions of h-domains and voids, and the
jamming structures of RRSA model included higher number of h-domains
with large voids between them than those of RSA model. Finally, at s = 1,
the jamming configuration transferred into the 1d-like domains of intercon-
nected v-blocks.
RSA, S=0.2 RSA, S=0.5 RSA, S=0.7
RRSA, S=0.2 RRSA, S=0.5 RRSA, S=0.7
Fig. 13. Examples of jamming configurations of oriented along vertical direction k-mers
(k = 256) on a square lattice of size L = 4096 for RSA and RRSA models at different
order parameters, s. Horizontal k-mers are shown in red, vertical k-mers are shown in
blue,empty sites are shown in white.
The analysis of the connectivity between the similar v- or h-blocks was
performed.96 For randomly oriented species (i.e., at s = 0), the infinite
connectivity (i.e., percolation) was not observed. However, connectivity
between v-blocks increased with increase of s at some threshold value of
sc the formation of the infinite (spanning) clusters of vertically oriented
k-mers was observed. For the same k, the RSA model gave lower value
sc than RRSA model, e.g., for k = 16, sc ≈ 0.126 (RSA model) and
sc ≈ 0.240 (RRSA model). The value of sc decreased as the length of
k-mer increased for RSA model, and opposite behavior was observed for
RRSA model. Finally, in continuous limit k → ∞, the difference between
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the threshold order parameters of RSA and RRSA models becomes rather
large, 4sc ≈ 0.12.
Analysis pj(k) dependencies had shown that power law Eq. (33) can
be satisfactory applied.96 Figure 14 shows the limiting jamming coverage,
pj(∞), and power exponent, α, versus the order parameter s for RSA and
RRSA models of deposition of k-mers on square lattice. With increase
of s, the value of pj(∞) continuously increased for RSA model, and gone
through the minimum (at s ≈ 0.25) for RRSA model (Fig. 14(a)). In
the intermediate region of s, it was observed pj(s) (RSA)> pj(s) (RRSA).
This behavior can be explained by the amplification of the actual order
parameter, s0 > s, in the RSA model and stability of it s0 ≈ s in the
RRSA model. The power exponents, α, for RSA and RRSA model were
not universal (Fig. 14(b)). The power exponent α grown when the order
parameter s increases from α ≈ 0.72 at s = 0 to α ≈ 1 at s = 1. The simple
relation df = 2 − α was suggested for estimation of the fractal dimension
df of the jamming networks.
108 The jamming RSA and RRSA networks
displaced fractal properties with df ≈ 1 for completely ordered k-mers, (s =
1) and value of df increased for RRSA model and gone through minimum
for RSA model when the order parameter s decreases.
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 RRSA
(a) Limiting jamming coverage, pj(∞).
0.0 0.2 0.4 0.6 0.8 1.0
0.7
0.8
0.9
1.0
1.1
s
 RSA
 RRSA
(b) Power exponent, α.
Fig. 14. Limiting jamming coverage, pj(∞), and power exponent, α, versus the or-
der parameter s for RSA and RRSA models of deposition of k-mers on square lattice
(collected from the data presented in Ref. 96).
Different variants of the more general lattice RSA models for deposition
of k-mers, taking account of the heterogeneity of substrates, interactions
between the deposited particles and the possibility of surface diffusion have
been proposed.8,110–112 These models are more realistic in their description
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of the experimental results for colloid particle adsorption on substrates char-
acterized by a wide spectrum of binding energies. The RSA problems for k-
mers deposited on disordered (or heterogeneous) substrates with defects, or
for k-mers with defects, have also attracted great attention.98,101,107,113–121
Different models of lattices with impurities and non-ideal deposited ob-
jects were analyzed.120–122 The jamming and percolation of linear k-mers
on square lattice with impurities have been studied for k = 2− 64.122 The
presence of defects in the system was simulated by introducing a fraction
of imperfect bonds, which are considered forbidden for deposition. In the
LKd model, some fraction of the sites of square lattice, fd, was occupied by
point defects (impurities) and the occupied sites were forbidden for depo-
sition of the objects.120 In more general model the defects can be present
both on the lattice and inside the k-mers.121
Another variant is the cooperative RSA model where the adsorption
probability depends upon the local environment.9,123 In this model strong
near-neighbor (NN) lateral repulsive interactions were taken into account.
For RSA deposition of monomers on a square lattice with complete NN
exclusion, the jamming is observed at pj = 0.3641. In the Cd model for
deposition of k-mers a restricted number of lateral contacts with previously
deposited particles is allowed.121 In this model, deposition occurs when
z 6 (1−fd)zm where z is the number of contacts of the k-mer, zm = 2(k+1)
is the maximum numbers of contacts of the k-mer. The fraction of forbidden
NN contacts, fd, may be identified with the fraction of defects that influence
the process of deposition. The defect-free variant of this model (fd = 0)
corresponds to the classical RSA model.
Figure 15 demonstrates typical examples of the jamming patterns for the
Cd model with restricted numbers of lateral contacts for k = 32 (zm = 66)
and different values of d.121
Figure 16 shows the jamming coverage, pj, versus the aspect ratio, ε, for
deposition of unoriented k-mers (s = 0) using the Cd variant of RSA model
at different fractions of forbidden contacts, fd. In absence of forbidden
contacts, fd = 0 the model is equivalent to the simple RSA model.
121
For the given value of ε increase of fd resulted in decrease of pj. The
presented LKd and Cd variants of RSA model were more extensively studied
for percolation behavior.121
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fd=0.0 fd=0.5 fd=1.0
Fig. 15. Examples of jamming patterns for Cd variant of RSA model for deposition of
unoriented k-mers (s = 0) on a square lattice of size L = 2048 for k = 32 and different
values of fd. Horizontal k-mers are shown in red, vertical k-mers are shown in blue,empty
sites are shown in white. Here, the part of the lattice sized 512× 512 is shown.
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Fig. 16. Jamming coverage, pj, versus the aspect ratio, ε, for deposition of unoriented
k-mers (s = 0) using the Cd variant of RSA model at different fractions of forbidden
contacts, fd (collected from the data presented in Ref. 121).
3.2. Dense jammed packing
In dense jammed packing neighboring particles have to touch themselves.
In early studies for dense jammed packings of spheres, the three main mod-
els were proposed: the ordered close packing, random close packing, and
random loose packing. The ordered close packing of disks corresponds to
the densest possible packing in two dimensions with packing density (sur-
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face fraction) of φ = pi/
√
12 ≈ 0.9069 in triangular lattice. The random
close and random loose jammed packings were introduced less definitively
and they can be experimentally obtained by random filling of container
with particles using the shaking or without it and extrapolating the mea-
sured densities eliminating finite-size effects.124 The numerous early stud-
ies of random close packing in two dimensions estimated that values of
φ fall in the range of 0.82 − 0.89.125–133 However, most 2d packing pro-
tocols could produce highly ordered arrangements of disks. For example,
the molecular dynamic simulations with growing in size particles allowed
obtaining the covering of φ ≈ 0.90 and demonstrated existence of dense
polycrystalline textures with irregular grain boundaries and linear shear
fractures.56 Recently the more general concepts of the locally jammed,
collectively jammed, strictly jammed packings53 and “maximally random
jammed” (MRJ) state was introduced.134
4. Percolation
4.1. Exact result: Percolation probability on torus
Although essential part of results in percolation has been obtained by us-
ing computer simulations, they are supported by some important rigor-
ous results and reliable assumptions. Using conformal field theory, Pinson
proved135 that the probability, R, of finding a wrapping cluster on a torus
at the percolation threshold is R(pc) = R
∗, where 0 < R∗ < 1. The value of
R∗ depends on the way how the wrapping cluster is found (Table 1 presents
R∗ with different number of exact digits). Here, the indices h and v corre-
spond to the probabilities of wrapping horizontally or vertically around the
system, respectively; the index e corresponds to the probability of wrap-
ping around either direction; the index b corresponds to the probability of
wrapping around both directions simultaneously; the index 1 corresponds
to the probability of wrapping around one direction but not the other.
Table 1. Percolation probability R∗.
Criterion Refs. 136,137 Ref. 21
h, v 0.521 058 290 0.521 058 289 248 821 787 848
b 0.351 642 855 0.351 642 853 927 474 898 465
e 0.690 473 725 0.690 473 724 570 168 677 230
1 0.169 415 435 0.169 415 435 321 346 889 383
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For any fixed value of the system size, the probabilities are connected
with each other as follows21,137
Rh = Rv, (34)
Re = 2Rh −Rb = 2R1 +Rb, (35)
R1 = Rh − rb = Re −Rh = 1
2
(
Re −Rb) (36)
Rb 6 Rh 6 Re, (37)
R1 6 Rh. (38)
For L→∞,
R =

0, if p < pc,
R∗, if p = pc,
1, if p > pc.
(39)
The union–find algorithm136,137 is widely used to check for any occur-
rences of wrapping clusters. This algorithm has initially been intended for
a discrete space136,137 and then adapted for continuous percolation.21,138
For each given system size, L, and number of deposited particles, N , nu-
merous independent runs should be performed to obtain the probability
of percolation, R
(c)
N,L. Here, the superscript c means a used criterion, viz.,
h, v, or b mean that the cluster winds the torus in the horizontal, or vertical
direction, or in both directions, respectively.
4.2. From microcanonical ensemble to canonical one
To obtain the probability R(c)(η, L) of percolation in the grand canonical
ensemble, R
(c)
N,L should be convolved with the binomial distribution
136,137
or the Poisson one,21,138 in the case of discrete and continuous space, re-
spectively.
4.2.1. Discrete space: Convolution with binomial distribution
For a canonical percolation ensemble, the probability of there being exactly
N occupied sites on the lattice is given by the binomial distribution136,137
B(N0, N, p) =
(
N0
N
)
pN (1− p)N0−N , (40)
where N0 = L
2 is the total number of sites in the system under consid-
eration. Let an observable, e.g., a probability of percolation, is measured
December 23, 2019 2:33 ws-rv9x6 Book Title
LebovkaTarasevich-ws-rv9x6 page 25
Two-dimensional systems of elongated particles 25
within the microcanonical ensemble for all values of N , giving a set of mea-
surements {RN}, then the value in the canonical ensemble will be given
by
R(p) =
N0∑
N=0
B(N0, N, p)Rn =
(
N0
N
)
pN (1− p)N0−NRN . (41)
To find R(p) for all p, RN is needed for all values of N .
4.2.2. Continuous space: Convolution with Poisson distribution
To obtain the probability R(η, L) of percolation in the grand canonical
ensemble with filling fraction η, the probabilities RN,L should be convolved
with the Poisson distribution
R(η, L) =
∞∑
N=0
λNe−λ
N !
RN,L, (42)
where λ = ηL2/a = nL2 is the mean.21,138 The weights in Eq. (42) wN (λ) =
λN/N ! can be calculated using the recurrent relations,21
wN−i =
{
1, for i = 0,
(N − i+ 1)λ−1wN−i+1, for i = 1, 2, . . . ,
(43)
and
wN+i =
{
1, for i = 0,
λ(N + i)−1wN+i−1, for i = 1, 2, . . . ,
(44)
herewith the relation∞∑
N=0
λN
N !
=
∞∑
N=0
wN (λ) = e
λ, ∀λ > 0
should be borne in mind. Here, N = bλc. Therefore, the convolution can
be calculated as
R(η, L) =
∞∑
N=0
w∗N (λ)RN,L, (45)
where
w∗N (λ) =
wN (λ)
∞∑
N=0
wN (λ)
. (46)
The factor e−λ is absent in the master equation Eq. (45), since
∞∑
N=0
wN (λ) = e
λ
∞∑
N=0
w∗N (λ).
For a given system size L, the percolation threshold ηc(L) is estimated by
numerical solution of the equation
R(ηc, L) = R
∗.
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4.3. Scaling
While rigorous results relate to the thermodynamic limit, i.e., to infinitely
large systems, any simulation deals with a finite-size system. The tool to
build a bridge between results of computer simulation for a finite-size system
(L×L) and the thermodynamic limit (L→∞) is the scaling analysis that
allows eliminating a finite-size effect. A widely used approach to reduce a
finite-size effect is elimination of boundaries by applied periodic boundary
conditions (PBCs), in fact, jamming and percolation are considered on a
torus instead of a plane.
Conformal field theory gives exact values for the wrapping probabilities
at the transition in the thermodynamic limit.135 This theory provides the
most efficient method to estimate the percolation threshold21,136–138 since
ηc(∞)− ηc(L) ∝ L−2−1/ν , where ν = 4/3. (47)
The estimation of the standard deviation suggest
σ ≈M−1/2L−3/4, (48)
where M is the number of independent runs.21 Since the error rapidly
decreases as the system size increases, the insufficient number of the inde-
pendent runs may be the main source of errors. For example, in Ref.136, to
obtain the value of the percolation threshold accurate to six decimal places,
the number of independent runs was at least 3 · 108 while the system size
was fairly small L = 32, 64, 128, and 256.
Unfortunately, conformal field theory gives exact values for the wrapping
probabilities at the transition in the thermodynamic limit only for isotropic
systems.135–137 When a system is anisotropic, a different, less efficient,
approach should be applied. For each particular value of L, the equation
R(nc, L) = 0.5 should be solved numerically, e. g., using bisection or other
appropriate method. Then, the scaling relation44
nc(∞)− nc(L) ∝ L−1/ν (49)
can be applied to find the percolation threshold in the thermodynamic limit.
Figure 17 demonstrates the behavior of R(n) for discs with unit radius.
A scaling relation is also valid for jamming concentration
nj(∞)− nj(L) ∝ L−1/ν , ν = 2/d, (50)
where d is the dimension of the space.139–141
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Fig. 17. The percolation probability Rh vs. number of discs per unit area, n. The
percolation threshold in the thermodynamic limit, pc, and the corresponding percolation
probability R∗ are also shown.
4.4. Continuous space
4.4.1. Isotropic systems
In this section, we consider square regions and isotropically oriented parti-
cles (s = 0). Percolation thresholds of two-dimensional continuum systems
of rectangles142 and ellipses52 for a wide range of aspect ratios from ε = 1
to ε = 1000 have been reported. Both ellipses and rectangles transform
into sticks when ε =∞. When ε = 1, a rectangle is simply a square, while
an ellipse is a disc. Currently, the best known value of the percolation
threshold of zero-width sticks of equal length that are randomly oriented
and placed onto a plane, is
n×c = 5.637 285 8(6) (51)
sticks per unit area.21 By convention, the value of A0 in Eq. (3) for sticks
is taken as equal to l2, where l is the length of the stick. The best known
value of the percolation threshold of discs, i.e., ellipses with ε = 1, is
η◦c = 1.12808737(6).
21 Recently, percolation thresholds of superellipses
have been reported.143 Percolation thresholds as the total fractions of the
plane covered by the particles, φc, have been presented for 14 shapes, for
each of 6 aspect ratios.143 Recently, percolation thresholds for stadia with
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aspect ratios up to 100 have been reported.144 Figure 18 presents com-
parison of the critical coverage φc vs the aspect ratio for different shapes.
Figure 18 evidences a weak dependence of the percolation threshold on
particular particle shape.
1 10 100 1000
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
 
 
 rectangles
 ellipses
 stadia
superellipses
 m = 2
 m = 10c
Fig. 18. Comparison of the critical coverage φc vs the aspect ratio for different shapes,
viz, rectangles,142 ellipses,52 stadia,144 and superellipses.143
4.4.2. Anisotropic systems
In this section, we consider square regions and anisotropically deposited
particles (s > 0). Sometimes, anisotropic systems are assumed to mean
rectangular systems.31 A computer study of the percolation threshold in
a two-dimensional anisotropic system of conducting sticks has been per-
formed.28 Here, two kinds of angle distributions were taken into considera-
tion, viz., uniform distribution within an interval Eq. (11), and the normal
distribution Eq. (18); log-normal distribution of lengths was assumed. An
analytical relationship between the critical density of sticks and anisotropy
Eq. (8) has been proposed. This relation predicts that the percolation
threshold will increase with increasing anisotropy (the order parameter)
from its isotropic value. Obviously, in a system of completely aligned, i.e.,
parallel, sticks, no percolation can occur. An important result of this ar-
ticle is that for an anisotropic two-dimensional system one should expect
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an isotropic percolation threshold but an anisotropic conductance, which
disappears as the threshold is approached.
The conductivity of stick percolation clusters with anisotropic align-
ments has been studied by means of computer simulation and finite-size
scaling analysis.145 The angular distribution of the sticks corresponded
to Eq. (10). The critical number density, nc, does not vary much for
θm ∈ (5pi/18, pi/2] while it changes rapidly as
nc ∼ θ−0.9m (52)
for θm < 5pi/18. The percolation threshold (critical number density) in-
creases rapidly as the anisotropy is increased. Taking into account Eq. (13),
relation Eq. (52) can be rewritten as
nc ∼ (1− s)−0.45. (53)
The finite continuum percolation of rectangles with different aspect ra-
tios has been studied using the angular distribution Eq. (14).31 The per-
colation in anisotropic systems, both for finite simulation boxes and in the
limit of infinite system size has been investigated. The authors confirmed
that there is no difference in effective percolation thresholds for different
directions. This behavior is universal. Although, in finite systems, the dif-
ference between the effective percolation thresholds is observed, it vanishes
in the thermodynamic limit. The value of the percolation threshold is non-
universal, i.e., it depends on the anisotropy, viz., the more anisotropic the
orientation distribution, the larger is the percolation threshold.
The percolation threshold for penetrable rectangles has been examined
using the excluded area between particles.146 The percolation threshold
was found to rise with increases in the degree of particle alignment.
nc`
2 =
ε2
(ε2 + 1)〈| sin θ|〉+ ε(1 + 2〈| cos θ|〉) . (54)
Figure 19 compares the theoretical prediction Eq. (54) and Monte Carlo
simulation142 of the dependence of the percolation threshold on the aspect
ratio ε of monodisperse, isotropically (randomly) oriented, penetrable rect-
angles.
The effects of length distribution, angular anisotropy, and wire curva-
ture have been investigated both numerically and experimentally.147 Each
of these quantities was assumed to be normally distributed. The percolation
threshold decreases as either the length or the angle dispersity increases.
Percolation in systems of aligned rods with different aspect ratios has
been studied.148 Both systems of rods of equal length and systems con-
sisting of mixtures of short and long rods were considered. For systems of
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Fig. 19. Normalized critical number density, nc/nc(1) versus the aspect ratio, ε. Com-
parison of theoretical prediction146 and Monte Carlo simulation.142 The dependence of
the percolation threshold on the aspect ratio ε is shown for monodisperse, isotropically
(randomly) oriented, penetrable rectangles.
equally-sized rods, the percolation threshold was found to be a monotoni-
cally increasing function of the orientational order parameter.
Numerical simulations of stick percolation have been performed29 with
uniform angular distributions of the sticks within a given interval as well
as with normal distributions, while the stick lengths corresponded to a log-
normal distribution. The probabilities of percolation were presented for
different values of the parameters.
The percolation of zero-width sticks on a plane paying special attention
to the cooperative effects of both the alignment of sticks and their length
dispersity on the percolation threshold has been studied using computer
simulation.36 The critical number density increases as the order parameter
increases. The curves were fitted by
nc(s) =
n×c√
1− sα , (55)
where the fitting coefficient α = 1.8449 ± 0.0026. Since percolation of
parallel zero-width sticks is impossible for any finite value of the number
density, nc(1) = ∞. The asymptotic behavior of Eq. (55) nc(s → 1) is
similar to Eq. (53).
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4.5. Discrete space
One of the possible ways to simulate the adsorption of particles is based
on the use of a discrete space. The simplest example of such the discrete
space is a square lattice. In this case, the simplest example of an elongated
particle is linear k-mer (also denoted as needle,92 line segment,88 linear seg-
ment,94 stiff-chain,149,150 rod,37 or stick149), i.e., a rectangular “molecule”,
which occupy k successive faces of the lattice.
4.5.1. Percolation of linear k-mers isotropically deposited on square
lattice
Study of percolation of long linear k-mers on square lattice has a long
history. For k 6 20, the power-law dependence of the percolation threshold
on the value of k had been reported
pc(k) ∝ k−1/2, (56)
while the jamming coverage decreases.149 Particle deposition was per-
formed using a so-called “end-on” mechanism of RSA9
By contrast, non-monotonic dependence of the percolation threshold on
k was found for k 6 40 deposited using conventional RSA.88 For small
values of k, the percolation threshold decreases as
pc(k) = k
−1 + const (57)
while, for larger values of k, it increases.
Minimal value of the percolation threshold correspond to k ≈ 15. This
behavior was argued in terms of the stack structure of the percolation clus-
ter, viz., the percolation cluster is built of regions (stacks) of the same
orientation, the typical size of which is k. The authors suggested that, in
contrast to rectangles and squares where jamming saturation occurs before
percolation,151 the percolation threshold can be reached for any (finite) size
of the k-mers. The local order parameter has been applied to study the
internal structure of the percolation cluster. Recently, the stack structure
of the jammed state was studied using the order parameter.152 The char-
acteristic size of each stack has been reported to be of the order of k × k
(Fig. 20). Equation (56) and Eq. (57) describe quite different behaviors
due to the use of different kinds of RSA.9,88
The jamming and percolation of needles and squares on a square lattice
have been investigated.92 The ratio pc/pj was found to be a constant of
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Fig. 20. Dependency of the local order parameter, s, on the ratio w/k, where w is the
size of the window in which the local order parameter was calculated, k is the needle
length.152 Inset: Example of a stack structure of a jammed state obtained using RSA
of 10-mers onto a square lattice.
0.62± 0.01 up to k = 20. The authors suggested that both quantities scale
as
p(k) = C
[
1− γ
(
k − 1
k
)2]
, (58)
where γ = 0.31 ± 0.01 (except for the case k = 1). The presented results
evidence that the percolation threshold is significantly smaller than the
jamming coverage when k →∞ if Eq. (58) is valid for any values of k. Both
at the percolation threshold and in the jammed state, the stack structure
was observed.
The jamming and percolation of needles with lengths up to k = 2000
have been investigated.94 For k > 15, an increase in the percolation thresh-
old was found. For 15 6 k 6 45, the fitting formula
pc/pj ∝ 0.50 + 0.13 log10 k (59)
was proposed. A monotonic increase in pc/pj holds over a wide range
of values of k even up to k = 2000. The dependence of the jamming
concentration on the value of k was fitted by
pj(k) = pj(∞) + a/kα, (60)
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where pj(∞) = 0.66 ± 0.01, a = 0.44, α = 0.77. The parameters of the
fitting formula were refined in Ref. 40 as pj(∞) = 0.655± 0.009, a = 0.416,
α = 0.720± 0.007 based on simulations and scaling analysis up to k = 256.
It was also found that
pc(k) = a0/k
α0 + b log10 k + c, (61)
where a0 = 0.36 ± 0.02, α0 = 0.81 ± 0.12, b = 0.08 ± 0.01, and c =
0.33± 0.02.153 For the ratio pc/pj, a fitting formula was proposed
pc/pj = B log10 k + C, (62)
where B = 0.119± 0.003 and C = 0.513± 0.006.153
The monotonic behavior of the percolation threshold as a function of k
for k 6 15 was reported and the following fitting formula was proposed
pc(k) = p
∗
c + Ω exp
(
−k
κ
)
, (63)
p∗c = 0.461± 0.001, Ω = 0.197± 0.02, and κ = 2.775± 0.02.117
The percolation threshold and the jamming coverage for lengths of k-
mers up to 217 has been studied by means of numerical simulations.154 A
parallel algorithm has been developed and applied to the isotropic RSA
samples of large linear k-mers on a square lattice with PBCs. For 24 6 k 6
217, the data can be fitted by
pc = A+
B
C +
√
k
, (64)
where A = 0.615 ± 0.001, B = −2.26 ± 0.09, C = 10.2 ± 0.6, the adjusted
coefficient of determination is R2 = 0.999.154 The percolation thresholds
are shown in Fig. 21. Known approximations Eq. (58), Eq. (61), Eq. (63)
and Eq. (64) are also shown for comparison.
A proof was presented that there will be a percolating cluster in any
jammed configuration of nonoverlapping fixed-length, horizontal, or verti-
cal needles on a square lattice.155 The theorem ensures that the ratio of
the percolation threshold and jamming coverage pc/pj is well defined for all
needle lengths. The theorem was proved only for the case of rigid bound-
aries. Shortly, the theorem was also proved for the case of PBCs.154 The
theorem refutes the conjecture120,122,153 that in the RSA of such needles on
a square lattice, percolation does not occur if the needle length exceeds a
critical value k∗ of the order of several thousands.
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Fig. 21. Dependence of pc(k) for linear k-mers isotropically deposited using RSA onto
a square lattice with PBCs. The data were collected from different sources, viz.,
V.G.K.(2000),92 C.R.-P.N.(2003),117 T.L.L.(2012),153 S.B.T.(2018).154
4.5.2. Percolation of linear k-mers anisotropically deposited on
square lattice
The percolation of partially aligned linear k-mers on a square lattice with
PBCs has been investigated by using computer simulations.153 The in-
crease of the system ordering always led to an increase of the percolation
threshold. For completely ordered systems (s = 1), the percolation thresh-
old pc monotonically decreased as k increased (Fig. 22). For isotropic and
partially ordered systems (0 6 s < 1), the percolation threshold pc was a
nonmonotonic function of k, viz., a minimum of pc has been observed for a
certain length of k-mers, k ≈ 24 (Fig. 22).
Jamming and percolation in anisotropic systems of elongated objects
up to k = 100 have been studied.156 As the needle length increases, the
values of the percolation threshold decreases and after that stage increases
depending on the values of the order parameter. For a strongly ordered
system containing needles, the ratio of jamming and percolation thresholds
is almost independent on the needle length.
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Fig. 22. Dependence of the percolation threshold pc on the order parameter s for k-mers
of different length.153
5. Conclusion
Our consideration of jamming and percolation is restricted only to
elongated stiff rod-like particles. The real-world systems, includ-
ing the polymers, biomolecules, nanotubes or nanowires the different
shapes,99,100,119,157 including flexible150,158–161 and branched162 chains, are
also of interest. In this review have omitted considerations of many common
problems related with packing and ordering in mixtures, vibrated and agi-
tated systems, effects of confinement, condensation-evaporation equilibria,
phase behaviors, relaxation to equilibrium state, etc. An inquisitive reader
can find additional information in the original and review articles7,163–166
and books.45,167
In addition, we are paying our main attention to a square lattice when
dealing with a discrete space. Jamming and percolation produced by means
of the RSA of k-mers has also been studied on other kinds of substrates,
e.g., on triangular lattices.104,119 A non-monotonic size dependence of the
percolation threshold and decrease of the jamming coverage have also been
observed on such triangular lattices.104
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